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ABSTRACT

Interfacial Cherenkov radiation originates from the interaction of charged particles with sequential interfaces inside photonic crystals and is
crucial to many applications, ranging from particle detectors and lasers to electron microscopy and spectroscopy, since it can create
directional light emission at arbitrary spectra. However, the interfacial Cherenkov radiation suffers from chromatic issues and is featured
with frequency-sensitive radiation angles due to the intrinsic structural dispersion of photonic crystals. Counterintuitively, here we reveal a
universal mechanism to create the broadband achromatic interfacial Cherenkov radiation from photonic crystals. Our mechanism exploits
the anomalous Maxwell-Garnett theory beyond the long-wavelength limit via the Brewster effect and introduces it for the first time into the
context of Cherenkov radiation. Specifically, we present photonic crystal designs that mimic homogeneous achromatic media in terms of
their interfacial Cherenkov radiation, emitted precisely at the Brewster angle. We find the radiation peak angle could be frequency-

insensitive, even over the entire visible spectrum.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0316387

INTRODUCTION

Cherenkov radiation offers a compelling effect to create direc-
tional light emission at arbitrary spectral regimes.” This effect thus
finds exotic uses in both basic science and practical applications in
various realms, ranging from cosmology,”” high-energy physics,”
nanophotonics,'’ " plasmonics,’”” " and materials science,'®" to
imaging,”’ ** photodynamic therapy”*** and vacuum electronics.”*”’
However, since the conventional Cherenkov radiation is a bulk effect,
originating from the interaction of moving charged particles with
bulk materials, its emergence requires particle velocities faster than
the so-called Cherenkov threshold, namely, the phase velocity of light
in the host bulk material. As a result, all these applications of bulk
Cherenkov radiation are strictly limited by the particle velocity and
the material property. As a typical example, the particle detector based
on bulk Cherenkov radiation generally requires the usage of specific
materials with their refractive index very close to unity, which are

often restricted to silicon aerogels or large gas chambers, for the
identification of high-energy particles in the giga-electron-volt
(GeV) range.28

To tackle this issue, Refs. 7 and 29 recently revealed a brand-new
way to create the effective Cherenkov radiation by exploiting the
interface effect, namely, the interaction of moving charged particles
with sequential interfaces inside photonic crystals, rather than the
bulk effect. This way, the interfacial Cherenkov radiation from pho-
tonic crystals fundamentally overcomes the velocity and material limi-
tations for conventional bulk Cherenkov radiation and holds great
promise for the development of many enticing on-chip photonic devi-
ces.””*” One promising application of interfacial Cherenkov radiation
is the design of integrated light sources’ *" at previously hard-to-
reach frequencies via low-velocity charged particles. This is because
the interfacial Cherenkov radiation is intrinsically threshold-free and
can be excited by ultralow-energy charged particles with their kinetic
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energy down to several electron-volts (eV).”” Another potential appli-
cation of interfacial Cherenkov radiation is the development of minia-
turized Cherenkov detectors with enhanced sensitivity by using
regular dielectrics, without resorting to index-near-unity materials.
This is enabled by the unique feature that the interfacial Cherenkov
radiation is capable of controlling the sensitivity of its radiation angle
to the particle velocity on demand through merely the structural
design of photonic crystals.”

To facilitate the practical implementation of these enticing appli-
cations, it is necessary to further keep the exotic performance of inter-
facial Cherenkov radiation (e.g., the radiation angle) invariant to the
frequency over a prescribed bandwidth. However, the interfacial
Cherenkov radiation from photonic crystals is inherently chromatic.
That is, its radiation angle is rather sensitive to the working frequency.
This chromatic feature of interfacial Cherenkov radiation is mainly
caused by the structural dispersion of photonic crystals.”® ' This
structural dispersion would persist even when the constituent materi-
als of photonic crystals are achromatic.

Consequently, even though photonic crystals provide a versa-
tile platform to control light-matter interactions, their structural
dispersion would generally degrade the performance of directional
light emission over a predefined frequency range. Current strate-
gies to bypass the chromatic issue of photonic crystals rely heavily
on numerical optimization approaches,"” "’ such as inverse
design.”* "' For example, one may mitigate the chromatic aberra-
tion of light propagation through photonic crystal fibers by care-
fully tailoring the structural parameters. Due to the lack of general
physical insights, the extension of these numerical optimization
approaches to mitigate the chromatic issue of charged particle
radiation from photonic crystals is not straightforward, and
indeed, this problem has remained. Altogether, despite the exten-
sive research into both charged particle radiation’” > and pho-
tonic crystals,(’(”ﬂ’ no solution has been found to date to eliminate
or at least reduce the chromatic response of charged particle radia-
tion from photonic crystals.

Here, we reveal a feasible route to create the achromatic inter-
facial Cherenkov radiation from photonic crystals via the usage of
the Brewster effect. Counterintuitively, we find that the spatially
inhomogeneous photonic crystal could act like a spatially homoge-
neous achromatic medium (e.g., across the visible regime) for inter-
facial Cherenkov radiation emitted at the Brewster angle, through
the judicious design of particle velocity. The underlying mechanism
is essentially rooted in the anomalous Maxwell-Garnett theory,
which could remain valid for photonic crystals beyond the long-
wavelength limit by exploiting the Brewster effect. As background,
the Maxwell-Garnett theory, dating back to the pioneering work of
James Clerk Maxwell-Garnett in 1904, offers a powerful yet simple
framework to describe the inhomogeneous structure as an effective
homogeneous structure.””*’ Despite its extensive research over the
past century and wide applications in diverse realms, ranging
from photonics, acoustics, and thermodynamics to materials sci-
ence,”"* the Maxwell-Garnett theory has never been connected to
charged particle radiation from photonic crystals. We find that the
connection between Maxwell-Garnett theory and charged particle
radiation from photonic crystals can significantly reduce the overall
complexity in the analysis, calculation, and design of achromatic
interfacial Cherenkov radiation.

ARTICLE pubs.aip.org/aip/are

RESULTS

We begin with the conceptual illustration of achromatic interfa-
cial Cherenkov radiation from photonic crystals as shown in Fig. 1.
For brevity, we consider a swift electron moving with a velocity v =
zv and traveling perpendicularly through a one-dimensional photonic
crystal, which is composed of two achromatic dielectrics. The constit-
uent dielectric X has a relative permittivity &, x and a thickness dx,
where X = 1 or 2. Under this scenario, the emitted light is purely p-
polarized. According to the Bloch theory, the dispersion for p-polar-
ized light inside the designed photonic crystal”” is obtained as

cos(k.d) — {cos(kz‘ldl)cos(kz‘zdz) - % (% + %)
2 1

X sin(kz‘,ldl)sin(kz‘zdz)] =0, (1)

where k = 1k, + zk, is the wavevector of Bloch eigenmodes inside
the photonic crystal, 1 is the basis vector perpendicular to z,

d=d +dy, k,x = 1/[2’—228,‘;( — k2, w is the angular frequency, c is

the speed of light in vacuum, and 7y = w];]—:‘rx corresponds to the
impedance of dielectric X under the oblique incidence of light.

Upon close inspection, Eq. (1) can be significantly reduced if
i1, = 0,, namely, if the impedance-matching condition is fulfilled,

under which we have k| = k| 5 and

2

Essentially, this impedance-matching condition is related to the
Brewster effect at the interface between dielectrics 1 and 2,°7%%""%°
since the reflection coefficient at this dielectric interface is
Ry, =872 = 0,if iy = 7.
’ N1+,

We now apply the impedance-matching condition into Eq. (1).
To be specific, if i, = i,, we have <Z—;+Z—f) =1, and Eq. (1) is
reduced to cos(k,pd) = cos(k1dy + k;»d,). This way, one simple
solution to Eq. (1) is k;pd = k;1d, + k;2d,. By further expressing
k, x with k| g, this solution can be transformed to

2 2 2
kL,B kz,B @

Eeff z Ceff, | C
er1dy + &rad
Eeff, L = 7“1; idrz , 4)
1 2
er1&a(dr +d
Gt s = r,1 r,Z( 1+ 2) (5)

)
sr,ldz + 8rA2d1

where both & and e, are frequency-independent. Equations
(3)-(5) indicate that the spatially inhomogeneous photonic crystal
is equivalent to a spatially homogeneous achromatic uniaxial
medium with an effective relative permittivity, &, = diag[ﬁeff‘ 1,
Eeff, L, eff,z)- LThat is, the anomalous Maxwell-Garnett theory for
photonic crystals, as governed by Egs. (3)-(5), would be valid
beyond the long-wavelength limit via the Brewster effect. Despite
this anomalous Maxwell-Garnett theory being reported in 1988,
its connection to charged particle radiation has never been explored
before.
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———————— Do V=2vg
/7" electron
vglc = VE1+€2(di+dy)
€1d1+€ 2dy

bulk Cherenkov radiation from
homogeneous achromatic medium
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FIG. 1. Conceptual illustration of achromatic interfacial Cherenkov radiation from infinite-thickness photonic crystals. (a) Maxwell-Gamett theory beyond the long-wavelength
limit via Brewster effect. The photonic crystal is composed of two achromatic dielectrics. The constituent dielectric X has a thickness dy and a relative permittivity & x, where

X = 1 or 2. The light inside dielectric X has a wavevector ky = 1k, + 2k, x, where 1 is the basis vector perpendicular to 2. Under the incidence of light at the Brewster
angle (i.e., ki = ky g), there is no reflection at the dielectric interface, where k| g = 2;—" %2 \nder this scenario, the photonic crystal is equivalent to an achromatic

Erqtér2
w1t ang gy, = 215299 (b) and (c) Field distribution of the electric dis-

di+dp
placement D, (f)) = [ dwD;(w)e~™, which is induced by a swift electron moving with a velocity v = v inside the photonic crystal or the effective achromatic medium. In

medium with an effective relative permittivity "¢, = diag [eff, L s €eff, 1 » Eeff 2], where &g | =
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(b) and (c), v=vg is set to ensure the emergence of achromatic interfacial Che

- o1 +er2 (di+0a)
renkov radiation at the Brewster angle g, where vB/c=4‘/m€ ;dz ~ and

g = arctan (“IZ—‘:) = arctan (M) For illustration, here we set &1 = 5, o = 2.4, dy = 150nm, and d, = 150 nm.

Vet (di+02)

On the contrary, all Bloch eigenmodes induced by the swift elec-
tron initially have a z-component wavevector of k, = /v, according
to the phase-matching condition along the electron moving direction
(i.e., z direction). In order to create light emission at the Brewster
angle 0p inside the photonic crystal [Fig. 1(b)] or the effective uniaxial
medium [Fig. 1(c)], k, = k is further required, namely, w/v = k,,
where 0y = arctan(k,p/k; p). By substituting the condition of
k.p = w/v into Eq. (3), we have the following:

k2 2 2

S | (/) -z, (6)

Eeff z Eeff, | C
From Eq. (6), the critical electron velocity that enables the emergence
of achromatic interfacial Cherenkov radiation from photonic crystals
[Fig. 1(b)] is obtained as v = vg, where

Ve + 8r,2(d1 +dy) )

e1d + &nds

vp/c=

In practice, the photonic crystal always has finite thickness
and is surrounded by the substrate and the superstrate, as schemat-
ically shown in Fig. 2(a). For illustration, we consider that both the
substrate and the superstrate are composed of the same material,
with a relative permittivity & our. In order to extract the excited
interfacial Cherenkov radiation from the surrounding material,
one necessary condition is to fulfill |I_cout| > ky g, namely,
Verout > k1 p/(2m/4), so that the total reflection at the interface
between the photonic crystal and the surrounding material can be
avoided, where |kou| = (27/ 2)y/rout is the wavevector of light in
the surrounding material and 2 = 2nc/® is the wavelength of light.
Since regular lossless dielectrics have a relative permittivity larger

than 2, we generally have k. 3/(27/2) = | [{*4%=> 1, such as
kip/(2n/2) =127, if &, =5 and &, = 2.4 are used in Fig. 2.
This way, the non-vacuum surrounding material with /& oyt > 1
(e.g.» &rout = 1.8 used in Fig. 2) is needed in order to safely extract
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g V=2Vg
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Maxwell-Garnett theory
beyond the long-wavelength Ki=kig
limit via Brewster effect
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——————————————————————————————————— R
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FIG. 2. Achromatic interfacial Cherenkov radiation from finite-thickness photonic crystals with non-vacuum surroundings. (a) Structural schematic. The photonic crystal and
its homogenized counterpart are surrounded by the non-vacuum substrate and superstrate, both of which have a relative permittivity & ot For illustration, & o = 1.8 is
used, and the photonic crystal consists of 400 unit-cells. The other setup is the same as that in . (b) and (c) Angular spectral energy density U(Ooyt, 4) of forward light
emission into the superstrate, where 0y is the angle between the wavevector ko, = 1k + Zk, ot Of light in the superstrate and the electron velocity v. The radiation
peak angle Hpeak(i) of interfacial Cherenkov radiation shows up at the Brewster angle 0g oy, namely, Hpeak(i) = max(U(Oout, £), Oout) = Os.out, irrespective of the working

£r16r2
(er1+ér2)érout

) according to the Brewster effect.

wavelength 4, where 0 o, = arcsin <":}*-B‘> - arcsin(
out

€€:/0:9T 9202 |!idv ST

the achromatic interfacial Cherenkov radiation at the Brewster superstrate is studied in and , where 0oy is the angle
angle into the surrounding material. between ko and the electron velocity v. When v = vg = 0.735¢ in
Under this scenario, the angular spectral energy density , the radiation peak angle Opeak()~) = max(U(Oout, 4), Oout)
U(Oputs ) (Refs. ) of the forward light emission into the always shows up at a fixed angle 0p oy, namely, Hpeak().) = 0 out
Appl. Phys. Rev. 13, 021407 (2026); doi: 10.1063/5.0316387 13, 021407-4
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FIG. 3. Angular spread of the interfacial Cherenkov radiation from finite-thickness photonic crystals with non-vacuum surroundings. The structural setup here is the same as
that in Fig. 2(a). (a) Dependence of the radiation peak angle Gyezc(4) on the electron velocity v for various working wavelengths within the visible spectrum. The standard
deviation of Opeac(2) throughout the visible light spectrum, namely, 0,, is used to quantitatively characterize the angular spread of interfacial Cherenkov radiation. (b)
Dependence of the angular spread 0, on the electron velocity v. We have 0, = 0 if v = v, where vg /¢ =0.7351n (a) and (b). For clarity, we argue that the achromatic
interfacial Cherenkov radiation appears if 0, < 0.5, e.g., in the gray regime with v/c € (0.661,0.768), highlighted in (a) and (b). (c)~(e) Angular spectral energy density

U(Oot, 4) of forward light emission for various electron velocities.

irrespective of the working wavelength of light. This fixed angle is theo-

Er16r2
ot (er1tee2)erou

= 70.6° in Fig. 2(b), according to the phase-matching condition and
the Brewster effect. Moreover, this exotic achromatic feature of interfa-
cial Cherenkov radiation from photonic crystals in Fig. 2(b) is the same
as that of bulk Cherenkov radiation from the effective achromatic uni-
axial medium in Fig. 2(c).

Figure 3 further investigates the angular spread of interfacial
Cherenkov radiation from finite-thickness photonic crystals with
non-vacuum surroundings. Without loss of generality, the standard
deviation of the radiation peak angle Hpeak().) throughout the whole

retically obtained as 0p o, = arcsin| —=; | = arcsin

visible spectrum, namely, 0,, is used to quantitatively characterize
the chromatic feature (e.g., the angular spread) of interfacial
Cherenkov radiation from photonic crystals in Figs. 3(a) and 3(b).
When the electron velocity v is equal to the critical velocity v,
namely, v = vg = 0.735¢ in Fig. 3(c), we have 0peqk(7) = 0pou and
0, = 0° throughout the visible spectrum in Figs. 3(a) and 3(b).
When the electron velocity slightly deviates from the critical veloc-
ity [e.g., v = 0.9vp in Fig. 3(d)], the angular spread 0, is quite small
and relatively insensitive to the variation of electron velocity in
Figs. 3(a) and 3(b). To be specific, we have 0, < 0.5°, if v/c €
(0.661,0.768) in l-w 3(b). When the electron velocity further devi-
ates from the critical velocity [e.g., v=10.8vg in Fig. 3(e)], the

Appl. Phys. Rev. 13, 021407 (2026); doi: 10.1063/5.0316387
Published under an exclusive license by AIP Publishing

13, 021407-5

Applied Physics Reviews ARTICLE pubs.aip.org/aip/are
a k,/(w/c) b c
0 04 08 1.2 Vi B50ut |,
[ T FT ] i
0-8 kJ_.B ) ”
600
] 8,=0° I
< Vg »>o0< Vg
400
0.7 1 - d
£
E
. } o0
L 5
; )
Q
o) =
S
06 | v 400
e
: 3
T J 600 e
. 3
o -
eE!iout §
057 s | 400 | 5
0 30 60 90 05 1 15 2 0 30 60 90 p



Applied Physics Reviews

angular spread 0, would increase rapidly and become sensitive to
the variation of electron velocity in Figs. 3(a) and 3(b).

For conceptual demonstration, below we define that the achro-
matic interfacial Cherenkov radiation appears within a prescribed
wavelength regime if 0, < 0.5°. The robustness of achromatic interfa-
cial Cherenkov radiation with respect to the electron velocity in Fig. 3
is essentially related to the robustness of the anomalous Maxwell-
Garnett theory with respect to the impedance-matching condition
11, = 11,. To be specific, if the impedances of two constituent dielec-
trics have 7, ~ i],, instead of #, =1,, we have the factor

%<%+Z_?) ~ 1 in Eq. (1), which can still be approximately re-
organized into Egs. (3)-(5). On this basis, the dependence of the peak
angle of interfacial Cherenkov radiation on the electron velocity, as
governed by the anomalous Maxwell-Garnett theory, can remain
valid if the impedance-matching condition is approximately fulfilled
orif v & vp (see also the supplementary material for more details).
We now proceed to discuss the possibility of achieving achro-
matic interfacial Cherenkov radiation from finite-thickness photonic

ARTICLE pubs.aip.org/aip/are

crystals with vacuum surrounding in Figs. 4(a)-4(c). This issue is of
practical importance, since the detection of interfacial Cherenkov radi-
ation in vacuum surroundings would generally be much more conve-
nient than that in non-vacuum surroundings. However, when the
electron velocity is equal to the critical velocity, the achromatic interfa-
cial Cherenkov radiation emitted at the Brewster angle inside the pho-
tonic crystal with 0, = 0° has k; =k, 5 > 2n/A and cannot couple
into the vacuum surrounding due to the total reflection at the interface
between the photonic crystal and vacuum. As a result, the forward light
emission into the vacuum superstrate will not contain the signal of ach-
romatic interfacial Cherenkov radiation and is of poor directionality
and intensity in Fig. 4(b). On the contrary, when the electron velocity
is smaller than the critical velocity and judiciously designed, the achro-
matic interfacial Cherenkov radiation emitted at the non-Brewster
angle with 0, < 0.5° can have k; < 2n/4 < k, p; see Fig. 3(a) for
example. This indicates an enticing scheme to get rid of the total reflec-
tion at the interface between the photonic crystal and the vacuum and
to safely extract the achromatic interfacial Cherenkov radiation into
the vacuum surrounding. For example, when ¢,; = 2.18 [e.g., SiO,

a vacuum surroundings: achromatic interfacial Cherenkov radiation (ICR)
electron
__________________________ — \7 = 2V
8r,out = 1 sr,oul = 1
(vacuum) (vacuum)
b

700

wavelength A (nm)

400
0

30 60 90
O,ut (degree)

w/o achromatic ICR into vacuum: v = vg ¢ W/ achromatic ICR into vacuum: v = 0.85vg

0 30 60 90
eout (degree)

o NN 08

angular spectral energy density U(B8,,, A) (x1032 J-s/sr)

FIG. 4. Achromatic interfacial Cherenkov radiation from finite-thickness photonic crystals with vacuum surroundings. (a) Structural schematic. Both the substrate and super-
strate are vacuum. For illustration, here we set ¢ 1 = 2.18 [e.g., SiO, (Ref. 101)] and &, = 2.56 [e.g., LaF; (Ref. 102)]. The other structural setup is the same as that in
Fig. 2. (b) and (c) Angular spectral energy density U(6Oqu, 4) of forward light emission for different electron velocities. If v = vg in (b), due to the total internal reflection at
the interface between vacuum and the photonic crystal, the achromatic interfacial Cherenkov radiation created inside the photonic crystal with k, = k, g > 27/ cannot

61612
eraten2

couple into vacuum, where k, g/(21/4) =

=1.09 and vg/c = 0.919. If v # v (e.g., v = 0.85v3) in (c), the achromatic interfacial Cherenkov radiation created

inside the photonic crystal with k; < 27/ < k| g [e.9., k. /(2m/ %) = 0.85 in (c)] can couple into vacuum.
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(Ref. 101)], &, = 2.56 [e.g, LaFs (Ref. 102)], and v = 0.85v3 in
Fig. 4(c), the achromatic interfacial Cherenkov radiation with 0, =
0.06° shows up in the vacuum superstrate.

DISCUSSION

In conclusion, we have unveiled the enticing possibility of creating
achromatic interfacial Cherenkov radiation from photonic crystals via
the Brewster effect. According to the anomalous Maxwell-Garnett the-
ory beyond the long-wavelength limit, we have found that the photonic
crystal is essentially equivalent to a homogeneous achromatic medium
for achromatic interfacial Cherenkov radiation emitted at the Brewster
angle. This finding indicates a brand-new paradigm to deal with the
chromatic issues in complex photonic systems and should be of funda-
mental importance to facilitate the development of charged particle-
driven achromatic optical devices (e.g., miniaturized achromatic pho-
tonic Cherenkov detectors for the identification of high-energy particles
with improved sensitivity), which are crucial to many practical applica-
tions, including communications, on-chip information processing, bio-
medical sensing, chemical detection, and imaging. This finding also
indicates rich unexplored physics still exists in the realm of light-parti-
cle-matter interactions and might stimulate continuous explorations of
achromatic light emission and scattering (including charged particle
radiation) from more sophisticated but exotic optical systems, "%
such as random media and spatiotemporal media. Particularly, whether
we can realize the achromatic charged particle radiation with high
directionality from random media (e.g., via the extension of the anoma-
lous Maxwell-Garnett theory to random media) remains elusive and is
certainly worthy of further in-depth investigation.

SUPPLEMENTARY MATERIAL

See the supplementary material for the three sections, including
derivation of interfacial Cherenkov radiation from photonic crystals,
derivation of conventional bulk Cherenkov radiation from the effec-
tive homogeneous achromatic uniaxial slab, and more discussion on
achromatic interfacial Cherenkov radiation from photonic crystals.
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Section S1. Derivation of interfacial Cherenkov radiation from photonic crystals

In this section, we rigorously calculate the angular spectral energy density and field distribution of
interfacial Cherenkov radiation by extending Ginzburg and Frank’s theory of transition radiation from a

single interface [100] to a multi-layer system with N interfacesand N + 1 regions [7,29], as shown in Fig.

S1.
Zy I Ziq Zip Zj Zjw Zjs2 AVE I 4N
y?—» z
X
electron
——————————————————————————————————————————— g—> V=2V
region 1 2 -1 j 1 j+2 N N+1

FIG. S1. Structural schematic of free-electron radiation from multiple parallel interfaces.

S1.1 Free-electron transition radiation from a single interface

In this subsection, we derive the transition radiation from a single optical interface. As shown in Fig.
S1, when an electron with charge q and velocity Zv perpendicularly penetrates the interface z = z;
between region j andregion j + 1, transition radiation occurs in both the backward and forward directions.
Accordingly, the induced current density from the moving electron is

JA(F,6) = 2quE(x)8(y)8(z — vt) (s

By performing Fourier transformation, equation (S1) can be expressed as
Ja@E,t) =2 f dw f dk, ];‘Lm(z)eihﬁ-iwf (S2)
where k, = Rk, + Yk, is the wavevector component perpendicular to the electron velocity and 7, =

Xx + yy. From equations (S1)-(S2), we have
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1@ = e (3)

Similarly, we apply the Fourier transformation to the electric field E(7,t) and the magnetic field H(7,t),
namely
E(Ft) =2 f dw f dky Ey_,(2)eFamaiot (S4)
HFt)=2 f dw f dk, Hy, ,(z)e*smiiot (S5)
By solving Maxwell equations in k;, and w space, the Helmholtz equations of E,(z) and H,(z) in the

medium with permittivity & and permeability u can be written as

—(0%/0z% + w?pue) ]—Z
iwe

E
2 2 2 2 z) _
(0%/0z° + w?ue kl)(H)_ 0

(56)

Since J, = 0, we have H, = 0, meaning that all excited fields are p-polarized waves. Then, the solution of

the primary field [108] E, can be expressed as

E,=E!}+EF (ST
C2
. 1-——
lq V& 2z
El =— S8
2 wey(2m)3 c2  k3c? ¢’ (58

c
lq 172‘(:F}+1 i—z
E9. : S9
zj+1 wey(2m)3 c2  k3c? (59
rj+1 172_ w2
ER. = Lg?. e kzj(z=2)) (S10)
2T wey(2m)3 jli+1
ER. =M+ ik a(z) (S11)
z,j+1 wey(2m)3 jli+1

2
where ¢&; is the relative permittivity of region j, and k,; = /(Z)—zsr,j —k? is the z-component
wavevector in region j. E; corresponds to the charge field carried by the electron, and EF corresponds to

the radiation field emitted from the interface. aj);,q (a}r' j+1) represents the backward (forward) radiation
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factor from the j|j + 1 interface at z = z;. By matching the boundary conditions, one can obtain the two

radiation factors as

No
- -0 1=z
.. = ’ J
A jp1 = Q€7 (S12)
(J)
+ +0
ajj+1 = j]+1e v? (S13)
kJZ_CZ —v 1_E_kZ,j+1 l_z‘kz,j+1‘ Er,j
o _ =T Enj+t c w/c C w/c & js (S14)
T ke Ky LT kiv? N
&rj (U/C €r,j+1 w/c €rj+1 c2 —2 ¢rj+1 +—=7 Er,j - C_zgr,j + 7
kic? v 142, Kz j 1+E._k21 Enjr1
a0 = w2 ¢ Erj c w/c c w/c &rj (S15)
PIFL T kg ks, 2 k2 v2 k%v?
i Tw/c + érj w/c erj(l— z¢€ jt—==) &j+1{l— cZ 8L + =7 w2

where a; %, (af i 0 1) is the factor of backward (forward) radiation from the j|j + 1 interface when zj =

0. In all, we can obtain field distribution in the cylindrical coordinates (p, ¢, z) as

E(7,0) = E'(7,0) + ER (7, 0) (S16)

_ +eo - w?
B9 0) = zj dw—q<—£r

8rwepeyj \ 2
(S17)
+o0 i
— 8nveyey
_ +oo +00 q . |
EJR(f, t) = ZA.f_w dw ; dk, '—a)go(zn)3 aﬂj+1kJ_27T]0(klp)e_lkz'j(z_zj)_lwt
R e —q (S18)
p d dk, - ————=aji;1 k2 k —ik, j(z—zj)—iwt
P f_oo a)fo + wey(2m)3 @jjjv1 Kz j2m]i(kop)e
+0oo 2 2 5 )
E T 2 4 @ 1) w w iLz—iwt
q _
E]'+1(7",t)—Zf_oo da)m<cz €r]+1 U2>HO p C—zgr,j_'_l_? elv
(S19)
+00 i
+ﬁf da)—q
—o BmVEEr j11
=R /= ) +00 +o0 iq + iky 41 (z—2)—iwt
E]'+1(7", t) =Z dw dkl '—a)g (27_[)3 aj|j+1kl2n]0(kj_p)e Z,j+1 j
o i ’ (S20)

400 400

~ q ik in (2—2)—i

+pf da)f dk, 'Wa;l]?l kz’j+12ﬂ]1(k_]_p)elkz‘]+1(z zj)—iwt
—0 0

where J, and J; represent the first kind of Bessel function of zero order and first order; Hél) and Hl(l)
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represent the first kind of Hankel function of zero order and first order, respectively.

S1.2 Interference of transition radiation from multiple parallel interfaces

In this subsection, we rigorously calculated the interference of transition radiation from multiple parallel

interfaces. As schematically shown in Fig. S1, the total electromagnetic field in region j originates from

both the interfaces above region j and those below it. First, we analyze the parts 1, 2 and 3 of the radiation

contributed by the light emission at the interfaces above region j; subsequently, the field in region j

resulted from the transition radiation at the interfaces below region j is derived in parts 4, 5 and 6.

Part 1: Field distribution in region j from the forward transition radiation at the z = Zj_1 interface
From the viewpoint of geometric optics, the forward transition radiation at the z = z;_, interface

contributing to the field in region j is

. [eikz,j(Z—Zj—1) + R’j|j+1e2ikz,j(zj—zj-_1)e—ikz,j(z—Zj_1)]
iq
F* = .
U077 g, (2m)3

1
M= ———— : (s21)
L= RypaaRyyg e @)

+ _ g+
TR(-1)-j = F-1)-j

+
aj_qjj M

where the factor M; characterizes the multiple reflections in region j at the j|j—1 and j|j+1
interfaces; R jlji-1 and R jlj+1 are the generalized reflection and transmission coefficients for p-polarized
waves at the j|j — 1 and j|j + 1 interfaces, respectively. The subscript of R jlji—1 and R jlj+1 Tepresents
that p-polarized wave is incident from region j (the first number) and transmitted to region j+ 1 or j—1
(the second number), respectively. R jlji-1 and R jlj+1 can be obtained by

D 2ik,i_1(Zj—1—2Z—
5 4 Titj=1Rj-11j-2Tj-v1€"7 1(#j-17%52)

R ili-1 = R i—1 ~ -
Jlj Jlj 1— Rj—lljRj—llj—ZeZLkZ'j_l(zj_l_Zj_Z)

D 2ik, iv1(Zi41—2Z;
B = R g raRisaieaTsale a1 (Z12)
jli+t = Rjjj

A _ (S22)
1- R1'+1|1'Rj+1|j+292”{2”“(21“_21)
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These iteration relationships have the initial value ﬁzll = Ry); and ﬁN| n+1 = Ryjn+1.- The reflection and

transmission coefficients defined for E, from region j to region j+ 1 can be expressed as Rjj;q =

&r,j+1Kz =Kz j+1 and Tjjj4p = 2Kz
Jij+1 —

erj+1KzjterjKz jr1 erj+1kzjterjkzjr1

Part 2: Field distribution in region j from the forward transition radiation atthe z=2z,, (1<m<j—2)

interface

Firstly, the field distribution in region m + 1 from the forward transition radiation at the z = z,,, interface

can be obtained from equation (S21) as

+ —_rt ik Z—Z D 2ik z -Z —ik Z—Z
TRm_>m+1 = Fm_)m+1 . [e z,m+1( m) + Rm+1|m+Ze z,m+1( m+1 m)e z,m+1( m)]
iq
Fr =—~ _.qgf ‘M (823)
m-m+1 weo(Zn)3 m|m+1 m+1

Then, from the viewpoint of geometric optics, the generalized forward radiation factor Ff_,,,,, in region

m + 2 originating from the forward transition radiation at the z = z,,, interface can be obtained as

ikzm+z2(Zme1—2m) = F+ ikzm+1(Zm+1—2m)

+
Fomsz - € mom+1 " Sme1im+2€
Tm|m+1

— 3 2ik Zm+1—Z
1 Rm+1|mRm+1|m+Ze a1 (Zm1=Zm)

(S24)

Sm|m+1 =
Thus, F;f_,n4+, canbe derived analytically from Fj,_,,, .. From this iteration relationship, the generalized

forward radiation factor F

m—j inregion j originating from the forward transition radiation at the z = zp,

interface can be expressed as

j-1
F‘r-r‘—l—)] . eikz,j(zj—l_zm) — Fn-"-l—>m+1 . 1_[ Sn|n+1 eikz,n(Zn—Zn—l) (825)

n=m+1

As a result, the forward transition radiation at the z = z,, interface contributing to the field in region j is

TR! . =F}

s = Fij + [eMesC7mm) 4 Ry @2 (ymom)e =ik ez (S26)

Part 3: Field distribution in region j from the forward transition radiation atthe z=2z,, (j <m<N)

interface

Firstly, the generalized backward radiation factor F,,_,,,+; inregion m + 1 originating from the forward

transition radiation at the z = z,,, interface can be obtained from equation (S21) as
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- _ o+ D 2ik (z —Zm)
m—>m+1_Fm—>m+1Rm+1|m+Ze ZmALImAL T Em (827)

Then, from the viewpoint of geometric optics, the generalized backward radiation factor F,_,, in region

m originating from the forward transition radiation at the z = z,, interface can be obtained as

- ikz,m(zm_zm) _ikz,m+1(zm_zm+1)

- —ik z -z
'‘m—-m " € zm+1(Zma+1 m)Sm

— rt
=Fnom+1-€ +1/m€
Tm+1|m

2ikz,m (Zm=2Zm-1)

(S28)

S +1] = =
S Rm|m+1Rm|m—le
Thus, F,_;, can be derived analytically from F,,_,,,,. From this iteration relationship, the generalized

forward radiation factor Fy,_,; inregion j originating from the forward transition radiation at the z = z,

interface can be expressed as

m
- —ik;i(zj—z e —ik z -z | | —ik Zn—2Z,
) .e Z,j( j m) =Fome1 e z,m+1( m+1 m) . Sn+1|n e z,n+1( n n+1) (829)

n=j

As a result, the forward transition radiation at the z = z,, interface contributing to the field in region j is
TRpj = Finsj - [e—ikz,,-(z—zm) + ﬁjlj_le—zikz_j(zj_l—zm)eikz_j(z—zm)] (S30)

Part 4: Field distribution in region j from the backward transition radiation at the z = z; interface

From the viewpoint of geometric optics, the backward transition radiation at the z =z interface

contributing to the field in region j is

TRJ__,] — BJ_—>J . [e_ikZ,j(Z_Zj) + Rj'j_le_Zikz'j(zj_l_zj)eikz'j(z_zj)]
iq

Bini = peznys Gliv M (S31)

Part 5: Field distribution in region j from the backward transition radiation atthe z=2z, (j+1<m <

N) interface

Firstly, the field distribution in region m from the backward transition radiation at the z = z,, interface
can be obtained from equation (S31) as

TRimsr = B - [e~Hem@=2m) 4 R o= 21Kem(Zme1=2m) g lezm(z=2m)] (S32)
Then, from the viewpoint of geometric optics, the generalized backward radiation factor B,,_,,,_; inregion

m — 1 originating from the backward transition radiation at the z = z,, interface can be obtained as
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—ikzm-1 (Zm-1—2zm)

mom-1" € = Bmom - Smlm—le_ikz’m(Zm_l_Zm) (833)

Thus, B;,,;m_1 can be derived analytically from By, ,,,. From this iteration relationship, the generalized

forward radiation factor By,_,; in region j originating from the backward transition radiation at the z =

Zn, interface can be expressed as
m-1
B e ¥z m) = g2 - 1_[ Sp1jn € Kenr1En=Zns1) (S34)
n=j
As a result, the backward transition radiation at the z = z,, interface contributing to the field in region j

is

TR= .= B- ,[e—ikz_j(z—zm) _|_ﬁjlj_le—zikz,j(zj_l—zm)eikz,j(z—zm)] (S35)

m-j m-j

Part 6: Field distribution in region j from the backward transition radiation atthe z =2, (1<m<j—

1) interface

Firstly, the generalized forward radiation factor B,_,,, in region m originating from the backward

transition radiation at the z = z,,, interface can be obtained from equation (S31) as

—2ikm(Zm—1—2m) (836)

Bfﬁ—»m = Br?lemlem—le
Then, from the viewpoint of geometric optics, the generalized forward radiation factor B;, ..., in region

m + 1 originating from the backward transition radiation at the z = z,, interface can be obtained as

BTTl—»m+1 . elkz,m+1(zm_zm) = BT_‘r—l—Wn . elkz,m(zm—l_zm)5m|m+1elkz,m(zm—zm—1) (837)

Thus, B;_,n+1 can be derived analytically from B;f_,,,. From this iteration relationship, the generalized

+

forward radiation factor By,_,; inregion j originating from the backward transition radiation at the z =

Z, interface can be expressed as

j-1

+ ik, i(zji—1—2z — p+ ik 11— || ikzn(zZn—2zn-

Bm—>j e ZJ( j-1 m) = Bm_>m . el z,m(zm 1=Zm) . Sn|n+1e z,n( n—Zn-1) (838)
n=m

Thus, the field in region j contributed by backward transition radiation at the z = z,, interface is
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TR =Bt . [eikz_j(z—zm) + §j|j+162ikz'f(zj_zm)e_ikz'j(z_zm)] (839)

m-j m-j

Part 7: Interference of transition radiation from multiple parallel interfaces

From above analysis, the total electric field in each region j (1 <j < N 4+ 1) can be expressed as

i—q —ikz1(2-21) i =1
|{“’50(27T)3 “e P
iq i ) - ik . .
ER_ - + lkz,](z_zj—l) + a; _lkZ,](Z_Z]) 2 <ji< N-1 S40
i { wey(2m)3 [afe 4 € I @sj ) (540)
tq —iky N1 (Z—2N) G=N+1)

————ay41€
wey(2m)3 N

where a;' (a;’) represents the generalized forward (backward) radiation factor in region j, and can be
derived by parts 1-6. For regions j =1 and j = N + 1, the radiation propagates along the —z and +z
directions, respectively. For j = 1, the generalized backward radiation factor a; can be expressed as

_ weg(2m)?

1 iq

N
> Pt Baﬂ)e”‘z’ﬂ%‘zﬂl (S41)

m=1

For j = N + 1, the generalized forward radiation factor ay,, can be expressed as

wey(2m)3

any1 = :
lq

N
(F yar + B yyq)e " z1@m=2n) (S42)
m-N+1 m-N+1

m=1

S1.3 Angular spectral energy density of interfacial Cherenkov radiation

In this subsection we calculate the forward angular spectral energy density U(6,,, 4) of the interfacial
Cherenkov radiation. U(8y,;, 1) can be expressed as
+o0 /2
W= f dw dBout U(@gui, A) * 21sin(Bgyt) (S43)
0 0
where 6, is the angle between the wavevector ky,. of light in region N + 1 and the electron velocity
v, and W is total energy of the forward radiation field in region N + 1. For a long time t, the radiation
field ER is already at a great distance to the interface and separated from the charge field E9 and the

electric and magnetic energy densities are equal in superstrate. This way, W can be obtained by integrating

the radiation field energy density across all space as
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400
W= ff dxdy dz ey |ER (702 (S44)
B8 GOP = [ dodo! [[ dRLdR'y B, s ) [B rss @)] DT (s45)

By substituting equation (S45) into equation (S44), and integrating over dxdydk’, dzdw', we have

q )Zw ErN+1

3 S46
wey(2m)3 ck? wzer+1 (@m)*dk, (546)

+00
W=2 dwf€N+1|aN+1|2(
0

— 2
For emitted photons, the integration over dk, should be taken over the range k% < % &rn+1- Then, by
comparing equation (S43), the forward angular spectral energy density of interfacial Cherenkov radiation

can be expressed as

3/2
rl/\l+1q cos?(Bour)

413gyc sin?(04y1)

U(Oour, ) = |aN+1|2 (S47)

S1.4 Field distribution of excited interfacial Cherenkov radiation

By following the same procedure as equations (S16)-(S20), the field distribution can be written as

Ei(Ft) = qu (7 t) + Ef (7, 1) (S48)

e - w? w w? w? W
Eq(T t)_Zj dw—q< € _2>H(1) p —28 ]__ plpZint

8mwepeyj \ €2 rj 2

(549)

+O° (1) t

+ H - l Z—lw

pf 87rv£0£r] 62 (P c2 S” vz)e

_ i . . . .
E].R(f’ t) = ff dw ko_ —wgo((;n)g klzn.jo(klp)[aj—e—zkz,j(z—zj)—lwt + a}j"elkz,j(z_zj—1)—lwt] ( )
S50

+ﬁf dwdk, a)so(grr)3 ky, 21y (kyp)[a; e~ikaiG=2D=iat 4 gt giksj(a=2j-)-iat]

where the generalized forward (backward) radiation factor in region j, namely a]-Jr (@), and can be derived

by parts 1-7 of the section S1.3.
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Section S2. Derivation of conventional bulk Cherenkov radiation from the effective homogeneous

achromatic uniaxial slab.

In this section, we derive the conventional bulk Cherenkov radiation from a finite-thickness uniaxial

slab. To this end, we generally consider the free-electron radiation (including Cherenkov radiation and

transition radiation) from a uniaxial slab, as illustrated in Fig. S2.

z;=0 z=d
y Z
homogeneous
x  achromatic uniaxial slab electron
——————————————————————————————————— o V=2V
Er = diaglsr,b Er,l: Er‘Z]
region 1 region 2 region 3

FIG. S2. Free-electron radiation from a uniaxial slab.

The derivation follows an analogous methodology to Section S1, while considering an anisotropic
permittivity tensor &.; = diag[sr, LjrEr1,jr Erz, j]. For single-interface transition radiation under uniaxial

media conditions, the general field expressions in equations (S10)-(S13) remain unchanged, while the

radiation factors a] ] +1 and a J(_)H are modified as
kic? —v EnijErije | v kzji 1V kajur Enaj
- w? ¢ &z, _ 1-¢ w/c B C w/c &1 j41 (S51)
j]+1_g kzj+1+g kj ] 1_ﬁ ] @‘gr;,j+1 ) 1_17_2 ) kV Er,1,j
r,L,j w/c rLj+1 a)/c _gr,z,j+1 ( 2 &rj+1t W2 8r,z,j+1) Er,z,j ( 2 &r1,jt—o wz grzj)
e v et | v ke v ke G
a.';."o _ w? c Erz,j+1 . c (,()/C _ c a)/c gr,J_,] (852)
j.J+1 . kzj+1+g k,; ‘ 1_1,_2 ‘ kl_yzgm_lj _ 1_ﬁ ‘ kivzM
rLi"w/c rlj+1 a)/c | ér.z.j ( czérnLit =2 €r,z,j) 8””1( cZ ErLie T 5r,z,j+1>.

<2 .
where k, ; = g™ _ k2 Erb) The field distribution in each region can still be expressed by equation
J c? Er,z,j

(S40). Specifically, the generalized radiation factor in each region can be obtained as

, W
k,d+i—d
T21R23621k22d B T21el 7,20+
ai =agy +ajy soa T %25 2ik,5d (853)
1 - RZ R23€ z,2 ’ 1 - R21R23€ z,2
iky ,d+id
0 RZ LZkzzd —o e’- 7,2 ‘Hg
a, . (S54)

=a +a -
2 12 1 - RZ R2392"k22d 23 1 - R21R2392"k2'2d
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. o)
1 R21612k2_2d+17d

+ +,0 -0
aj = a” . +a,’ : (S55)
1,2 1— R21R23621k2_2d 2,3 1— R21R23€21k212d
ik, od 2iky 5d ,iod
w0 124 | +o_ T23€7% _o0 23Rz 677 %2%e v 356
a3 = ay3e7" +a; 1 — R Rowelkad " %237 p p o zik,,d (856)
— Rpphpze™ 2 — K1 hpze™ "%

Er1j+1Kzj—€r 1 jKz j+1 and

where the reflection and transmission coefficients are changed to Rjjj;q =
er1j+1Kzjter L jkz j+1

T| L= 2¢&r1 j+1Kzj . Erz,j
Jij+1 —

, respectively. The forward angular spectral energy densities of
5r,J.,j+1kz,j+£r,J.,jkz,j+1 Er,z,j+1

transition radiation from a uniaxial slab can still be expressed by equation (S47), namely

3/2
2% cos?(Bout)

4134 sin?(04yt)

U(gout: }-) = |a;|2 (857)

Section S3. More discussion on achromatic interfacial Cherenkov radiation from photonic crystals

S3.1 Derivation of anomalous Maxwell-Garnett theory via Brewster effect for achromatic interfacial

Cherenkov radiation

In this subsection, we derive the anomalous Maxwell-Garnett theory via Brewster effect for interfacial

Cherenkov radiation. The dispersion for p-polarized light inside the photonic crystal is derived as

cos(k,d) = [cos(kz 1d;) cos(ky,d;) — (Z: + nz) sin(ky,1d; ) sin(ky, zdz)] (S58)
where fjxy = w::;r = and X is either 1 or 2. When the impedance-matching condition 7, = 7}, is fulfilled,
namely
kza  kzo
——-——==0 (S59)
fr1 &2

we have %(% + %) = 1, and equation (S58) can be reduced to cos(kZ,Bd) = cos(kzlldl) cos(kzlzdz) -
sin(kz,ldl) sin(kz,zdz), namely Cos(kZ,Bd) = cos(kmdl + kzjzdz). As a result, under the impedance-
matching condition, one simple solution to equation (S58) is

k,gd =k,1d; + k;,d; (S60)

Square both sides of equation (S60), we obtain

kZgd? = kZ,d% + k2,d% + 2k, 1d1k;,,d; (s61)
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By further squaring both sides of equation (S59), one has

2 1,2 2 1,2
gr1kzq + &rakz o

2k, 1k, , = 2
z,A1MVz2 gr,lgr,z (86 )
Substituting equation (S62) into equation (S61) yields
gl k2, + &2, k2
k2pd? = kZ,d? + k2,d% + ( L S L “) d,d, (S63)
' €r,18r,2

2
The k,x and k, g is connected by the dispersion of the dielectric, i.e. k7 + kiB =& x (:—2 We substitute

2
k; X = Erx oz~ kf_B into equation (S63), and after some calculations, we arrive at

k2 k2 w?
i + e (S64)
Erafrp(dy +dy)  Eadi+&pdy ¢
gqdy + &r2dy d, +d,
. . . . . . . . k3
By comparing equation (S64) with the standard dispersion relation of uniaxial medium, namely . L 4+
eff,z
k2 w? __ erpditeryd, _ era&rz(di+dy) . .
o one has o) = i, and gqfr, = eradytergds . As aresult, equation (S64) indicates that

the photonic crystal can be equivalent to a homogeneous achromatic uniaxial medium with an effective
relative permittivity &. = diag[eefﬁ L Eeff 1 eefﬁz]. This way, the dispersion for achromatic Cherenkov
radiation can be obtained by further enforcing k, = w/v, as derived by equations (6)-(7) in the main text.

S3.2 Robustness of achromatic interfacial Cherenkov radiation on the electron velocity

In this subsection, we analyze the robustness of achromatic interfacial Cherenkov radiation on the
electron velocity. As illustrated in Fig. S3(a), when the electron velocity v slightly deviates from the critical
velocity vg (e.g. v/vg € [0.9,1.05]), the radiation peak angles of achromatic interfacial Cherenkov
radiation and Cherenkov radiation in effective uniaxial medium remain almost the same. Upon closer
inspection by following section S3.1, one has the dependence of the interfacial Cherenkov radiation peak

angle Bpeqk oOn the electron velocity v, namely

{g(epeak,v, w) = cos (% d) — [cos (%mdl) cos (% &2 — sinzapeakdz) — f(Bpear) sin (% &1 — sinzﬂpeakdl) sin (% &2 — sinzepeakdz)]

e e e S65
f(epeak)zi[grz\lsrl sin peak+$r1\j$l‘2 SIN“Upeak ( )

Er,lJEr,Z’Sinzapeak Sr,zJSr,rS"HZHpeak

{

where f (Hpeak) is an auxiliary function used to characterize the deviation from the impedance matching
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condition which enables the emergence of perfect achromatic interfacial Cherenkov radiation. This way, as
further shown in Fig. S3(b), the robustness of achromatic interfacial Cherenkov radiation on particle velocity

is fundamentally tied to the robustness of the impedance-matching condition, namely f (Hpeak) =1.

80 | —— uniaxial medium

— - — photonic crystal

Opeak (degree)
| ABpeax| (degree)

0.9 0.95 1 1.05 . 0.95
V/VB VIJVB

FIG. S3. Robustness of achromatic interfacial Cherenkov radiation on the electron velocity. For illustration,
the structural setup of the photonic crystal and its homogenized uniaxial counterpart are the same as that in
Fig. 3, and we set the working wavelength 1 = 700 nm in this figure. (a) Dependence of the radiation peak
angle on the electron velocity. Here v is chosen to slightly deviates from the critical velocity vg. (b)
Dependence of |A6peak| and f (Gpeak) — 1 on the electron velocity.

S3.3 Robustness of achromatic interfacial Cherenkov radiation on the material dispersion

In this subsection, we show the robustness of achromatic interfacial Cherenkov radiation on the material
dispersion. To be specific, we investigate how the interfacial Cherenkov radiation manifests in presence of
material dispersion in its constituent materials within the working wavelength range [380,1100] nm in
Fig. S4. Moreover, in the infrared-microwave spectrum, while there are abundant choices of dielectrics with
negligible dispersion, it is thus safe to use achromatic constituent materials for achieving broadband

achromatic interfacial Cherenkov radiation from photonic crystals, as shown in the figures of the main text.
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chromatic constituent materials:

a . b achromatic interfacial Cherenkov radiation (ICR)
2.55 F electron
—————————————— —- V=2
g
254 ~ s 3
o c w/ achromatic ICR into vacuum: v = 0.920c
Z 253
= 1000
@ —
< =
2 252 ® QA 2 &
g 3 £ ®
g ; 800 >
= 251 = e
c X
9 —
T =
& 600 o
2.50 2 0 £
249 L : : ~. 400
400 600 800 1000 0 30 60 90
wavelength A (nm) B,ut (degree)

FIG. S4. Achromatic interfacial Cherenkov radiation from finite-thickness photonic crystals with chromatic

constituent materials. For conceptual illustration, here the constituent materials of the photonic crystal are

air and LaF3 [109] respectively. The photonic crystal consists of 400 unit cells with d; = 150 nm (air),

d, = 300 nm (LaFs). Both the substrate and superstrate are air. (a) Dispersion curve of the photonic crystal

constituent materials. (b) Structural schematic. (c) Angular spectral energy density U(6,,.,4) of forward

light emission. In (c), achromatic interfacial Cherenkov radiation (as defined by 6, < 0.5°) emerges with

0, = 0.49° < 0.5°.

S3.4 Relationship between the photonic-crystal band diagram and the resulting interfacial Cherenkov

radiation

In this subsection, we show relationship between the photonic-crystal band diagram and the resulting

interfacial Cherenkov radiation. As shown in Figs. S5(a) and S5(b), when the unit-cell thickness is beyond

the subwavelength regime (e.g. comparable to the working wavelength of light), a regular band diagram

typically characterized by the existence of band gaps at non-Brewster angles can emerge if k, # w/vg (or
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if v # vg), and the resulting interfacial Cherenkov radiation is highly sensitive to the working wavelength.

In contrast, as shown in Figs. S5(c) and S5(d), an untrivial band diagram free of band gaps at the Brewster

angle can emerge if k, = w/vg (or if v =vg), and the resulting interfacial Cherenkov radiation is

essentially achromatic, even if the unit-cell thickness is comparable to the working wavelength of light.

k, # w/vgor v # vg k, =w/vgorv=vg

w/ band gaps if B, # g out W/0 band gaps if B,y = 65 out
T e T
Ji .
I ®
T | .-
© 55
T T
5 5
band diagram at band diagram at Q2.0
0.4 k, = w/v, k, = wivy |:| o

1

0
U(Bouts dunito /A ) (X107 J-s/sr)

) 30 60 90 0 30 60 90
eout = arCSin(kJ_/lkout[) (o) eout = arCSin(killkoutl) (o)

FIG. S5. Relationship between the photonic-crystal band diagram and the resulting interfacial Cherenkov
radiation. The structural setup is identical to that in Fig. 2 of the main text. (a) and (c) Photonic-crystal band
diagram. The band-gap regions are shaded in gray, and the blue dots denote the band diagram for the excited
Bloch modes by the free electron in photonic crystals, satisfying the phase-matching condition k, = w/v.
(b) and (d) Angular spectral energy density of interfacial Cherenkov radiation for different particle velocities.
By tuning the particle velocity so that the excited modes are emitted at the Brewster angle, the band diagram
becomes free of band gaps, even when the unit-cell thickness is comparable to the wavelength of light.

Correspondingly, the resulting interfacial Cherenkov radiation is fundamentally achromatic.
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S3.5 Influence of unit-cell number on the directionality of interfacial Cherenkov radiation

In this subsection, we investigate the influence of unit-cell number N on the directionality of
interfacial Cherenkov radiation. Generally, the performance of interfacial Cherenkov radiation (e.g. the
directionality) improves as the unit-cell number N increases. For example, in Figs. S6(a) and S6(b), the
angular spread 6, of the radiation peak angle Opear(41) becomes smaller if N increases. Specifically, as
shown in Fig. S6(c), for the photonic crystals used in Figs. 2 and S4, the threshold for the unit-cell number

to achieve the condition of 6, < 0.5° is 40, namely N = 40.

U(Byus AYN2 (x 10738 J-s/sr)
O )

c16 i

N,
63 : : 4 0 : .
10 40 100 50 0 90 10 40 100 500
N eout (o) N

FIG. S6. Influence of unit-cell number on the interfacial Cherenkov radiation. The structural setup is
identical to that in Fig. 2 of the main text. (a) Dependence of the radiation peak angles 8¢, (4) on the unit-
cell number N for various working wavelengths within the visible spectrum. (b) Normalized angular
spectral energy density U(8,,,A)/N? for various unit-cell number N. (c) Dependence of angular spread
6, on the unit-cell number N. The critical value of unit-cell number N. satisfying the condition of

0,(N.) = 0.5° is 40, namely N, = 40.
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